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PREFACE 

T h i s  Memorandum was prepared a s  p a r t  of  RAND'S c o n t i n u i n g  s t u d y  

of Communications S a t e l l i t e  Technology f o r  t h e  N a t i o n a l  A e r o n a u t i c s  

and Space A d m i n i s t r a t i o n .  I t  p r e s e n t s  a new f o r m u l a t i o n  which can be 

used t o  compute t h e  d i s t o r t i o n  experienced by a n  FM s i g n a l  a s  i t  

p a s s e s  th rough t  t h e  v a r i o u s  c i r c u i t s  encoun te red  i n  a n  FM r e c e i v e r .  

The n a t u r e  of  t h e  fundamental  expansion used i s  such t h a t  i t  overcomes 

t h e  major c r i t i c i s m  o f  p rev ious  approaches t o  t h e  problem. 

The t h e o r e t i c a l  r e s u l t s  of t h e  Memorandum should add t o  t h e  

u n d e r s t a n d i n g  o f  d i s t o r t i o n  and c r o s s t a l k  i n  FM s i g n a l s ,  and t h e r e -  

f o r e  c o n s t i t u t e  a s i g n i f i c a n t  c o n t r i b u t i o n  t o  communication t h e o r y  

and p r a c t i c e .  The r e s u l t s  can be used by e n g i n e e r s  d e s i g n i n g  advanced 

communication systems t o  a c h i e v e  optimum performance. 
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SUMMARY 

An impor t an t  problem i n  t h e  theo ry  and p r a c t i c e  o f  r e c e i v i n g  

angle-modulated s i g n a l s  i s  t h e  p rope r  d e s i g n  o f  t he  f i l t e r i n g  e l emen t s  

which must be  employed. It  h a s  been known f o r  some t i m e  t h a t  such 

f i l t e r i n g  i n t r o d u c e s  d i s t o r t i o n  and c r o s s t a l k  i n t o  t h e  s i g n a l ,  b u t  t h e  

f o r m u l a t i o n s  f o r  t h e i r  computat ion a v a i l a b l e  h e r e t o f o r e  have n o t  been 

a p p l i c a b l e  t o  t h e  l e v e l  o f  accu racy  r e q u i r e d  because o f  a n  i n h e r e n t  

l i m i t a t i o n  i n  t h e i r  b a s i c  c h a r a c t e r .  

I n  t h i s  Memorandum, a n  angle-modulated s i g n a l  hav ing  a n  a r b i t r a r y  

phase f u n c t i o n  i s  a p p l i e d  t o  a symmetr ical ,  narrow, band-pass  f i l t e r  

and t h e  phase o f  t h e  o u t p u t  i s  expanded i n  a s e r i e s  which conve rges  

f o r  a l l  v a l u e s  o f  t h e  i n p u t  phase s u b j e c t  t o  c e r t a i n  c o n d i t i o n s  on 

t h e  i n p u t  s i g n a l  and t h e  f i l t e r  impulse r e sponse .  

un ique  i n  t h a t  i t s  l e a d i n g  term i s  the l i n e a r l y  f i l t e r e d  i n p u t  r a t h e r  

t h a n  t h e  customary q u a s i - s t a t i o n a r y  term. 

The expans ion  i s  

A s p e c t r a l  a n a l y s i s  i s  performed by assuming a s t o c h a s t i c  modula- 

tLr;g s i g n a l  2nd examining t h e  t h i r d -  and f i f t h - o r d e r  terms o f  t h e  o u t -  

p u t  phase  expansion.  The r e s u l t s  a r e  p r e s e n t e d  i n  t h e  form o f  s i g n a l ,  

d i s t o r t i o n  and c r o s s t a l k  components o f  t h e  o u t p u t  spectrum and i t  i s  

a r g u e d  t h a t  they r e p r e s e n t  t h e  p r i n c i p a l  c o n t r i b u t i o n s  i n  t h e  c a s e  

where the  t o t a l  d i s t o r t i o n  is  small. 

To i l l u s t r a t e  t h e  method and to  p r e s e n t  r e s u l t s  o f  d i r e c t  u t i l i t y  

f o r  a n  example o f  c u r r e n t  i n t e r e s t ,  numer i ca l  computa t ions  are performed 

f o r  t h e  case o f  a n  FM s i g n a l ,  having a uniform modulat ion baseband,  

wh ich  i s  passed  th rough  a s i n g l e - p o l e  f i l t e r .  The s p e c t r a  of t h e  



s i g n a l ,  d i s t o r t i o n  and c r o s s t a l k  components of t h e  r e s u l t i n g  s i g n a l  

are then p r e s e n t e d  g r a p h i c a l l y .  

The importance o f  t h i s  example d e r i v e s  from t h e  f a c t  t h a t  t h e  

l i m i t e d  s i g n a l  power a v a i l a b l e  from communication s a t e l l i t e s  and space  

probes h a s  s t i m u l a t e d  t h e  use  o f  FM s i g n a l s  and frequency feedback 

r e c e i v e r s .  Such r e c e i v e r s  are c o n s t r a i n e d  t o  t h e  use  o f  s i n g l e - p o l e  

f i l t e r s  f o r  r easons  o f  s t a b i l i t y  and t h e r e f o r e  i n c u r  c o n s i d e r a b l e  

d i s t o r t i o n  and c r o s s t a l k  i n  comparison w i t h  c o n v e n t i o n a l  FM r e c e i v e r s .  

The numerical  r e s u l t s  p r e s e n t e d  h e r e  w i l l  p e r m i t  t h e  s e l e c t i o n  o f  t h e  

p r o p e r  f i l t e r  bandwidth i n  o r d e r  t o  a t t a i n  t h e  maximum t h r e s h o l d  

r e d u c t i o n  w h i l e  m a i n t a i n i n g  a s p e c i f i e d  l e v e l  o f  c r o s s t a l k  and d i s t o r -  

t i o n .  
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I .  INTRODUCTION 

One of  t h e  most i n t r i g u i n g  problems r e l a t i n g  t o  t h e  theo ry  of  

a n g l e  ( i . e . ,  f requency o r  phase)  modulation i s  t h a t  o f  o b t a i n i n g  a 

u s e f u l  r e l a t i o n s h i p  between t h e  p r o p e r t i e s  o f  t h e  i n p u t  and o u t p u t  

modu la t ion  when a n  angle-modulated s i g n a l  i s  passed  through a l i n e a r  

network.  From t h e  e a r l i e s t  work by Carson and Fry") i n  1937 t o  t h e  

p r e s e n t ,  i n t e r e s t  h a s  p e r s i s t e d  as o t h e r s  have extended r e s u l t s  and 

(2) added new approaches.  These are reviewed i n  d e t a i l  by Baghdady 

and by P a n t e r , ( 3 )  and i t  need be  noted h e r e  on ly  t h a t  t h e  r e s u l t s  

have g e n e r a l l y  been p r e s e n t e d  e i t h e r  as i n f i n i t e  s e r i e s  i n v o l v i n g  

T a y l o r ' s  s e r i e s  expans ions  o f  b o t h  t h e  modulat ing s i g n a l  and t h e  

f i l t e r  t r a n s f e r  f u n c t i o n  (Carson and Fry,") B l ~ c h , ' ~ )  Van d e r  P o l ,  (5) 

Stumpers,") C l a v i e r  (7 ) )  , o r  as f i n i t e  s e r i e s  i n v o l v i n g  t h e  p o l e s  o f  

t h e  polynomial  r e p r e s e n t a t i o n  and b u t  one d e r i v a t i v e  of  t h e  modulat ing 

s i g n a l  (Hupert ,  (8 y 9 )  Weiner and Leon ( 1 0 , 1 1 ) ) .  

It i s  c h a r a c t e r i s t i c  o f  a l l  t hese  expans ions  t h a t  they are i n  

t h e  form o f  a l e a d i n g  term c a l l e d  t h e  q u a s i - s t a t i o n a r y  r e sponse  and 

a r ema inde r  c o n s t i t u t i n g  a c o r r e c t i o n  cerm. The q u a s i - s t a t i o i i a r j i  

r e s p o n s e ,  a term i n t r o d u c e d  by Carson and F r y ,  i s  o b t a i n e d  by sub- 

s t i t u t i n g  t h e  t ime-dependent ,  i n s t a n t a n e o u s  frequency o f  t h e  modulated 

s i g n a l  f o r  t h e  s t e a d y - s t a t e  frequency v a r i a b l e  i n  t h e  network t r a n s -  

f e r  f u n c t i o n .  The q u a s i - s t a t i o n a r y  response i s  a p p e a l i n g  i n t u i t i v e l y  

s i n c e  i t  i s  what might b e  expec ted  i f  t h e  f requency v a r i a t i o n s  were 

made s lowly  enough. I t  h a s  been u s e f u l  a n a l y t i c a l l y  because  t h e  ap- 

p l i c a t i o n s  o f  i n t e r e s t  a r e  u s u a l l y  t h o s e  i n  which t h e  d i s t o r t i o n  i s  
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s u f f i c i e n t l y  s m a l l  t h a t  t he  c o r r e c t i o n  term can be n e g l e c t e d  and t h e  

q u a s i - s t a t i o n a r y  r e sponse  a l o n e  used i n  f u r t h e r  a n a l y s i s .  A s  might  

be  expec ted ,  c o n s i d e r a b l e  a t t e n - t i o n  h a s  been d i r e c t e d  t o  q u e s t i o n s  

o f  convergence and t o  o b t a i n i n g  bounds on t h e  c o r r e c t i o n  term 

(Baghdady , (2 )  Rowe , ( I 2 )  Hess, (I3) Weiner and Leon (11)) 

I n i t i a l  a p p l i c a t i o n s  o f  t h e s e  t e c h n i q u e s  were made u s i n g  d e t e r -  

m i n i s t i c  s i g n a l s .  Modulat ion u s i n g  one ( 1 4 - 2 0 )  o r  two (21) s i n u s o i d s  

l e a d s  t o  a t r a c t a b l e  a n a l y s i s  and y i e l d s  r e s u l t s  u s e f u l  i n  d e t e r m i n i n g  

harmonic d i s t o r t i o n  and t h e  I F  bandwidths  r e q u i r e d  i n  FM r e c e i v e r s .  

(See Refs. 13 ,  2 2 - 2 4 . )  Swept f r equency  a n a l y s e s  ( 2 5  y 2 6 )  have app l i ca -  

t i o n s  t o  spectrum a n a l y z e r s ,  w h i l e  r e s p o n s e s  t o  f requency s t e p s  and 

impu 1 se s a r e  v a l u a b l e  i n  s t u d i e s  o f  impu l s ive  i n t e r f e r e n c e ,  (5 ,27-30)  

such a s  i g n i t i o n  n o i s e ,  o r  i n  c e r t a i n  modu la t ion  t e c h n i q u e s ,  such as 

f requency-  o r  phase-  s h i f t  keying . 
More r e c e n t l y ,  a n a l y s e s  have been performed u s i n g  s t o c h a s t i c  

modulat ing s i g n a l s .  These have been a d a p t e d  t o  t h e  squa re - l aw phase 

c h a r a c t e r i s t i c  o f  t h e  ionosphe re  by S h a f t  (31) and P r ~ s i n ( ~ * )  and t o  

t h e  case  o f  echo d i s t o r t i o n  by B e n n e t t ,  C u r t i s  and Rice.(33)  Gener- 

a l i z e d  a n a l y s e s  a p p l i c a b l e  t o  band-pass  f i l t e r s  have been made by 

Rice,  ( 3 4 )  Bosse,  (35) Medhurs t (36) and Magnusson. (37) While t h e s e  

a n a l y s e s  have made s i g n i f i c a n t  c o n t r i b u t i o n s  by c o n s i d e r i n g  more 

r e a l i s t i c  modulat ing s i g n a l s ,  t hey  have been  c r i t i c i z e d  because  o f  

t h e i r  q u a s i - s t a t i o n a r y  n a t u r e  ( B e d r ~ s i a n ‘ ~ ~ ) )  o r  t h e i r  f i r s t - o r d e r  

b a s i s  (Enloe and Ru th ro f f  (39)) inasmuch as terms o f  p o s s i b l y  s i g n i f i -  

c a n t  c o n t r i b u t i o n  may have been d i s c a r d e d .  
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Recen t ly ,  t h e  l i m i t e d  amount of s i g n a l  power a v a i l a b l e  i n  

communication l i n k s  from e a r t h  s a t e l l i t e s  and space  p robes  h a s  r e v i v e d  

i n t e r e s t  i n  t h e  t echn ique  of  FM w i t h  f r equency  feedback i n v e n t e d  by 

Chaf fee .  ( 4 0 )  

I F  f i l t e r  be  used and Enloe (41) shows t h a t  optimum t h r e s h o l d  r e d u c t i o n  

r e q u i r e s  t h a t  t h e  I F  f i l t e r  have a 3-db bandwidth comparable t o  t h e  

C o n s i d e r a t i o n s  of s t a b i l i t y  r e q u i r e  t h a t  a s i n g l e - p o l e  

l a r g e r  of  t h e  peak frequency d e v i a t i o n  o r  t h e  h i g h e s t  baseband f r e -  

quency used ( R u t h r o f f  and Bodtmann, ( 4 2 )  Giger  and Chaffee ( 4 3 ) ) .  Thus,  

i t  h a s  become a l l  t h e  more important  t h a t  a s a t i s f a c t o r y  t h e o r e t i c a l  

a n a l y s i s  b e  deve loped .  

I n  c o n t r a s t  w i t h  a conven t iona l  FM r e c e i v e r  i n  which t h e  I F  

a m p l i f i e r  c a n  be  des igned  t o  have an e s s e n t i a l l y  l i n e a r  phase cha-  

r a c t e r i s t i c  and a uniform passband w i t h  s t e e p  s k i r t s ,  a n  FM r e c e i v e r  

employing feedback i s  f o r c e d  t o  o p e r a t e  o v e r  a n  I F  c h a r a c t e r i s t i c  

which i s  q u i t e  n o n l i n e a r .  Although t h e  feedback p r o c e s s  i t s e l f  h e l p s  

r educe  d i s t o r t i o n ,  s i g n i f i c a n t  d i s t o r t i o n  and i n t e r m o d u l a t i o n  o r  

c r o s s t a l k  can o c c u r  i n  p r a c t i c a l  s i t u a t i o n s  and must be  t aken  i n t o  

a c c o u n t .  I n  f a c t ,  a t  l e a s t  one manufac tu re r  o f  h i g h - q u a l i t y ,  m u l t i -  

c h a n n e l  systems f i n d s  t h e  i n t e r m o d u l a t i o n  s u f f i c i e n t l y  s e v e r e  t o  

w a r r a n t  t h e  u s e  o f  t h r e s h o l d  e x t e n s i o n  by frequency feedback o n l y  

--I.,..- WllFL, the  s y s t e m  f z l l s  h e l n w  t h e  c o n v e n t i o n a l  FM t h r e s h o l d .  

The a n a l y s i s  p r e s e n t e d  i n  t h i s  Memorandum does n o t  proceed from 

t h e  expans ions  c u s t o m a r i l y  used.  A s i g n a l  w i t h  a n  a r b i t r a r y  a n g l e  mo- 

d u l a t i o n  i s  a p p l i e d  t o  a symmetr ical ,  band-pass  f i l t e r  and a n  e x p r e s -  

s i o n  i s  o b t a i n e d  f o r  t h e  a n g l e  modulat ion on t h e  o u t p u t  s i g n a l .  T h i s  

o u t p u t  phase i s  t h e n  expanded i n  a s e r i e s  i n  which t h e  l e a d i n g  
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( f i r s t - o r d e r )  term i s  r ecogn ized  as t h e  f i l t e r e d  b u t  u n d i s t o r t e d  

s i g n a l  component of  t h e  o u t p u t .  The subsequent  terms c o n s t i t u t e  

t h e  h i g h e r  odd-order  c o n t r i b u . t i o n s  t o  t h e  o u t p u t .  A s p e c t r a l  a n a l y s i s  

u s i n g  s t o c h a s t i c  modu la t ion  t h e n  d e r i v e s  t h e  s i g n a l  component of  t h e  

o u t p u t  spectrum from t h e  a u t o c o r r e l a t i o n  of  t h e  f i r s t - o r d e r  t e rm,  

t h e  f i r s t - o r d e r  d i s t o r t i o n  from t h e  c r o s s  c o r r e l a t i o n  o f  t h e  f i r s t -  

and t h i r d - o r d e r  t e rms ,  and t h e  f i r s t - o r d e r  c r o s s t a l k  from t h e  a u t o -  

c o r r e l a t i o n  of  t h e  t h i r d - o r d e r  term. The o u t p u t  s i g n a l ,  d i s t o r t i o n  

and c r o s s t a l k  s p e c t r a  a r e  computed n u m e r i c a l l y  f o r  t h e  s p e c i f i c  

example o f  a s i g n a l  frequency-modulated by a uniform spectrum o f  

g a u s s i a n  n o i s e  and passed  through a s i n g l e - p o l e  f i l t e r .  

Quest ions o f  convergence and o f  h i g h e r - o r d e r  c o n t r i b u t i o n s  due 

t o  n e g l e c t i n g  t h e  f i f t h -  and h i g h e r - o r d e r  terms i n  t h e  expans ion  are 

cons ide red .  I n  g e n e r a l ,  i t  i s  a rgued  t h a t  t h e  f i r s t - o r d e r  d i s t o r t i o n  

and c r o s s t a l k  computed h e r e i n  c o n s t i t u t e  t h e  p r i n c i p a l  d i s t o r t i o n  

c o n t r i b u t i o n s  t o  t h e  o u t p u t  i n  the  c a s e  o f  s m a l l  d i s t o r t i o n .  Conse- 

q u e n t l y ,  t h e  r e s u l t s  shou ld  f i n d  wide a p p l i c a t i o n  i n  cases o f  p rac t ica l  

i n t e r e s t .  
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11. INPUT-OUTPUT PHASE RELATIONSHIP 

Cons ider  a n  angle-modulated s i g n a l  o f  u n i t  ampl i tude  having  a 

ca r r i e r  f requency ,  f c p s ,  and a phase modula t ion ,  cp ( t ) ,  which ,  i n  

complex form, can  be  w r i t t e n  

0 

exp i [ 2 n f o t  + cp(t)] (1) 

Fur thermore ,  l e t  t h e  p r o p e r t i e s  o f  cp(t) and i t s  der ivat ive,  t h e  phase  

ra te  cp(t) ,  b e  such t h a t  t h e  s i g n a l  i s  narrow band,  i .e . ,  most  of  i t s  

energy  i s  res t r ic ted  t o  f r e q u e n c i e s  i n  t h e  v i c i n i t y  o f  f . 
0 

Take t h i s  angle-modulated s i g n a l  as t h e  i n p u t  t o  a symmetrical, 

band-pass  f i l t e r  c e n t e r e d  a t  f and l e t  t h e  f i l t e r  b e  s u f f i c i e n t l y  

narrow t h a t  i t s  t r a n s f e r  f u n c t i o n  can be  w e l l  approximated by a 

symmetr ica l  f u n c t i o n  o f  t h e  l i n e a r  o f f - c e n t e r  f requency  d i f f e r e n c e ,  

f - f  where f i s  t h e  s t e a d y - s t a t e  f requency  v a r i a b l e .  It i s  then  

r e a d i l y  shown t h a t  t h e  e f f e c t  o f  band-pass f i l t e r i n g  on t h e  o r i g i n a l  

s i g n a l . i s  t h e  same as t h e  e f f e c t  of f i l t e r i n g  by t h e  low-pass equiva-  

l e n t  f i l t e r  on t h e  low-pass e q u i v a l e n t  s i g n a l .  Tha t  i s ,  f may s imply 

b e  s e t  e q u a l  t o  ze ro .  

0 

0 ’  

0 

L e t  G( f )  and g ( t )  d e n o t e ,  r e s p e c t i v e l y ,  t h e  normalized s t eady-  

s ta te  t r a n s f e r  f u n c t i o n  and impulse r e sponse  o f  t h e  e q u i v a l e n t  low- 

p a s s  f i i i e i .  Y’ien G aiid g a r e  2 nn- * r in r  L ” U L I ’ &  n g i r  r.--- 

- m  0 

where  g ( t )  i s  real  and v a n i s h e s  f o r  t < 0 ,  and G(f) i s  complex w i t h  

a n  even  real p a r t  and a n  odd imaginary p a r t  so t h a t  
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* 
where d e n o t e s  t h e  complex con juga te .  The n o r m a l i z a t i o n  chosen i s  

m 

[ du g ( u )  = G ( 0 )  = 1 
0 

The f i l t e r  o u t p u t  s i g n a l  i s  g iven  by t h e  c o n v o l u t i o n  o f  t h e  i n p u t  

w i t h  t h e  f i l t e r  impulse r e sponse  

m 

and t h e  o u t p u t  phase by t h e  argument of  Eq. ( 5 )  

m 

du g ( u ) s i n  cp(t-u) 
-1 0 

Q(t) = t a n  

J du g ( u ) c o s  cp(t-u) 
0 

Expanding as shown i n  Appendix A t h e n  l e a d s  t o  

0 0 

m m 

0 

where 

0 

co 

Q ( t )  E J du g(u)cp(t-u) 

0 
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7 c o r r e s p o n d s  t o  t h e  l i n e a r l y  f i l t e r e d  i n p u t  phase and O ( c p  ) d e n o t e s  

terms o f  o r d e r  7 and h i g h e r  i n  cp(t). 

t i o n s  f o r  E q .  ( 7 )  t o  converge f o r  a l l  cp are t h a t  t h e  T a y l o r ' s  se r ies  

f o r  t h e  i n p u t  s i g n a l  exp[icp(t)] converge un i fo rmly  i n  t h e  i n f i n i t e  

i n t e r v a l  on t ,  t h a t  t h e  complex ou tpu t  s i g n a l  g i v e n  by E q .  (5) n o t  

Necessary and s u f f i c i e n t  cond i -  

The o u t p u t  phase r a t e ,  b ( t ) ,  is  then simply t h e  t ime d e r i v a t i v e  o f  

E q .  ( 7 ) ,  p r o v i d i n g  t h e  r e s u l t i n g  s e r i e s  a l s o  converges un i fo rmly .  

It i s  d i f f i c u l t  t o  s t a t e  g e n e r a l  c o n d i t i o n s  on t h e  b e h a v i o r  a t  

t h e  i n p u t  s i g n a l  based  on t h e  fo rego ing  and s p e c i f i c  cases must be 

c o n s i d e r e d  i n d i v i d u a l l y .  However, t h e  convergence c o n d i t i o n  o f  E q .  (9)  

does i n s u r e ,  i n  e f f e c t ,  t h a t  t h e  f i l t e r  impulse r e sponse  and t r a n s f e r  

f u n c t i o n  a r e  s u f f i c i e n t l y  "we l l  behaved." The c o n d i t i o n  i s  c l e a r l y  

s a t i s f i e d  by a f i r s t - o r d e r  f i l t e r - - i n s p e c t i o n  o f  impulse r e sponse  

p l o t s  shows i t  t o  be s a t i s f i e d  by B e s s e l  f i l t e r s  o f  a l l  o r d e r s  and by 

low-orde r  B u t t e r w o r t h  and Tchebycheff f i l t e r s  as w e l l .  

The expans ion  g i v e n  by E q .  ( 7 )  can  a l s o  be  o b t a i n e d  d i r e c t l y  as 

a f u n c t i o n a l  T a y l o r ' s  s e r i e s , ( 4 4 )  as shown i n  Appendix B .  Though t h e  

approach  i s  more s i r a i g h t f o r ~ a r d ,  it dcec n e t  a p p e a r  p o s s i b l e  t o  s t a t e  

c o n d i t i o n s  o f  convergence. A t  b e s t ,  i t  conf i rms  t h a t  t h e  c o n t r i b u t i o n s  

o f  v a r i o u s  o r d e r s  a r e  comple t e ly  r e p r e s e n t e d  i n  the  expans ion .  

The form o f  t h e  i n p u t - o u t p u t  r e l a t i o n s h i p  g i v e n  by E q .  ( 7 )  i s  

p a r t i c u l a r l y  d e s i r a b l e  i n  t h a t  the l e a d i n g  term c l e a r l y  c o r r e s p o n d s  t o  

t h e  u n d i s t o r t e d  s i g n a l  component o f  t h e  o u t p u t  and i s  s imply t h e  
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l i n e a r l y  f i l t e r e d  i n p u t .  The remaining terms then  c o n s t i t u t e  t h e  

v a r i o u s  h i g h e r  odd o r d e r s  o f  d i s t o r t i o n  and a r e  i n t e r e s t i n g  i n  t h a t  

they h i g h l i g h t  t h e  d i f f e r e n c e  between the  de l ayed  and f i l t e r e d  i n p u t s ,  

i . e .  , cp(t-u)-*(t) , as t h e  expans ion  pa rame te r .  T h i s  q u a n t i t y  i s  

g e n e r a l l y  the  l e a s t  f o r  t h a t  d e l a y  a t  which t h e  impulse r e sponse  i s  

t h e  g r e a t e s t .  Fo r  l a r g e  d e l a y s ,  i t s  growth i s  e a s i l y  overcome by t h e  

e v e n t u a l  e x p o n e n t i a l  d e c r e a s e  o f  a l l  p h y s i c a l l y  r e a l i z a b l e  impulse 

responses .  A l s o ,  i t  i s  worth n o t i n g  t h a t  t h e  compactness o f  t h e  

expansion i s  i t s e l f  of c o n s i d e r a b l e  v a l u e  because i t  g r e a t l y  f a c i l i t a t e s  

t h e  ensu ing  s p e c t r a l  a n a l y s i s .  
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111. SPECTRAL ANALYSIS 

I n  communications systems a n a l y s i s ,  t h e  e f f e c t  o f  t h e  small  non- 

l i n e a r i t i e s  encoun te red  i n  s i g n a l  p r o c e s s i n g  i s  f r e q u e n t l y  b e t t e r  

d e s c r i b e d  i n  terms o f  t h e  s t a t i s t i c a l  p r o p e r t i e s  o f  a n  ensemble of  

r e p r e s e n t a t i v e  s i g n a l s  t han  by t h e  e x p l i c i t  n a t u r e  of  a s p e c i f i c  

s i g n a l .  Typ ica l  o f  t h e  s i t u a t i o n s  i n  which a n  angle-modulated s i g n a l  

can  s u f f e r  s i g n i f i c a n t  d i s t o r t i o n  due t o  band-pass  f i l t e r i n g  i s  one 

i n  which the  phase o r  i n s t a n t a n e o u s  f r equency  of  t h e  ca r r i e r  i s  made 

t o  v a r y  i n  acco rdance  w i t h  t h e  ampli tude o f  a m u l t i - c h a n n e l ,  f requency-  

d i v i s i o n - m u l t i p l e x  speech o r  d a t a  baseband s i g n a l .  For  many p u r p o s e s ,  

such a composi te  s i g n a l  i s  adequa te ly  approximated by a random t i m e  

f u n c t i o n  hav ing  a g a u s s i a n  d i s t r i b u t i o n  o f  a m p l i t u d e s .  Furthermore,  

t h e  t o t a l  d i s t o r t i o n  w i l l  a lmos t  i n v a r i a b l y  b e  s m a l l  enough t h a t  t h e  

d i s t o r t e d  s i g n a l  i s  a l s o  adequa te ly  approximated by such a s i g n a l .  

Under t h e s e  c o n d i t i o n s ,  an e x p r e s s i o n  o f  t h e  s p e c t r a l  d e n s i t y  o f  

t h e  o u t p u t  s i g n a l  i n  terms o f  t h e  f i l t e r  t r a n s f e r  f u n c t i o n  and the  

s p e c t r a l  d e n s i t y  o f  t h e  i n p u t  s i g n a l ,  i . e . ,  a second-moment a n a l y s i s ,  

can  p r o v i d e  u s e f u l  e n g i n e e r i n g  in fo rma t ion .  

a p p l i e d  t o  t h e  i n p u t - o u t p u t  phase r e l a t i o n s h i p  g i v e n  by Eq. ( 7 )  u s i n g  

t h e  methods d e s c r i b e d  by R ice ,  ( 4 5 )  even though t h e  u s e  o f  a g a u s s i a n  

process  cannct h e  j f is t_if iPd except  as a n  adequa te  approximation t o  t h e  

t i m e  p r o c e s s .  The convergence c r i t e r i o n  developed i n  Appendix A 

r e q u i r e s  t h a t  t h e  T a y l o r ’ s  s e r i e s  expans ion  f o r  t h e  i n p u t  s i g n a l  

exp[icp(t)]  converge uniformly i n  t h e  i n f i n i t e  i n t e r v a l  on t .  

bounded f u n c t i o n s  can  be  shown t o  s a t i s f y  such a r equ i r emen t ,  and 

w h i l e  the bound can  be  a r b i t r a r i l y  l a r g e ,  i t  c a n  always b e  exceeded 

T h i s  t echn ique  w i i i  be  

Only 
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by a g a u s s i a n  f u n c t i o n .  It i s  hoped t h a t  t h e  p l a u s i b i l i t y  of  t h e  

r e s u l t s  w i l l  s t i m u l a t e  e f f o r t s  a t  a n a l y t i c a l  j u s t i f i c a t i o n  o f  t h e  

procedure .  

Let cp(t,w), W C G ,  d e n o t e  a sample f u n c t i o n  o f  a s t a t i o n a r y ,  d i f f e r -  

e n t i a b l e ,  zero-mean, g a u s s i a n  p r o c e s s  having  a n  a u t o c o r r e l a t i o n  func-  

t i o n  R ( t )  and a s p e c t r a l  d e n s i t y  W ( f ) ,  where R and W a r e  a F o u r i e r  

p a i r  
'p cp 

- i 2 n € t  , W(f) = d t  R ( t ) e  
i 2 n f  t R( t )  = J df  w ( f ) e  

The a u t o c o r r e l a t i o n  f u n c t i o n  i s  d e f i n e d  by 

where the e x p e c t a t i o n  o p e r a t o r  E d e n o t e s  an  ensemble a v e r a g e .  The 

o u t p u t  s p e c t r a l  d e n s i t y  i s  de te rmined  f o r m a l l y  from E q .  ( 7 )  by u s i n g  

Eq. (11) t o  form the  a u t o c o r r e l a t i o n  f u n c t i o n  and t h e n  by a p p l y i n g  

Eq. ( 1 0 ) .  That i s  

where 3. den0 tes  t h e  F o u r i e r  t r ans fo rm o p e r a t o r  and where t h e  opera-  

t i o n s  are a p p l i e d  term-by-term t o  t h e  p a i r i n g s  which r e s u l t  from u s i n g  

t h e  expansion f o r  0 .  I f  i t  i s  d e s i r e d  t o  e x p r e s s  t h e  r e s u l t s  i n  terms 

o f  t h e  i n p u t  and o u t p u t  phase  r a t e s ,  t h e  r e l a t i o n s h i p s  

(Ref.  45, Sec .  3 . 3 )  may be u s e d .  
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To f a c i l i t a t e  t h e  i d e n t i f i c a t i o n  o f  t h e  v a r i o u s  components of  t h e  

o u t p u t  spectrum, l e t  t h e  s u p e r s c r i p t s  S ,  D and C ,  when a p p l i e d  t o  t h e  

o u t p u t  spectrum W ( f ) ,  d e n o t e ,  r e s p e c t i v e l y ,  t h e  s i g n a l ,  d i s t o r t i o n  

and c r o s s t a l k .  Then, as shown i n  d e t a i l  i n  Appendix C ,  a s p e c t r a l  

a n a l y s i s  o f  E q .  ( 7 )  y i e l d s  

e 

- w  

X 12G(f-~-o)G(p)G(a)  - G(f-p-a)G(p+a) 

The o r i g i n s  o f  t h e s e  components i n  t h e  expans ion  of E q .  ( 7 )  can 

b e  s e e n  by d e s i g n a t i n g  t h e  f i r s t  t h r e e  terms u f  tl-te e x p a n s l ~ n  2 s  

S ,  D and D r e s p e c t i v e l y .  The l e a d i n g  term i s  r ecogn ized  as t h e  

s i g n a l  component and t h e  n e x t  two as  t h e  t h i r d -  and f i f t h - o r d e r  d i s -  

t o r t i o n  terms. I n  t h i s  n o t a t i o n ,  t h e  s i g n a l  component of t h e  o u t p u t ,  

We(f) ,  i s  g i v e n  by t h e  SXS term i n  Eq. (12) and i s  s e e n  t o  i n v o l v e  

o n l y  a s imple  l i n e a r  o p e r a t i o n  on t h e  i n p u t  spectrum W ( f ) .  A l so ,  i t  

is  complete  i n  t h e  s e n s e  t h a t  no f u r t h e r  c o n t r i b u t i o n s  can  be  made t o  

i t  by h i g h e r - o r d e r  terms i n  the expansion.  

3 5 '  

S 

cp 
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The d i s t o r t i o n  and c r o s s t a l k  components of  t h e  o u t p u t  w i l l  

g e n e r a l l y  invo lve  o p e r a t i o n s  of  a l l  h i g h e r  o r d e r s  on t h e  i n p u t .  

Those g iven  i n  Eq. (14) c o n s t i t u t e  f i r s t - o r d e r  c o n t r i b u t i o n s  i n a s -  

much as  they a r e  the  l e a d i n g  o r  p r i n c i p a l  terms of  t h e i r  t ype .  The 

D f i r s t - o r d e r  d i s t o r t i o n ,  W,(f), i s  g iven  by t h e  S X D  

and some o f  t h e  D X D  terms g i v e  r ise  t o  second-o rde r  d i s t o r t i o n  

components which a r e  n e g l e c t e d ;  t h e  f i r s t - o r d e r  c r o s s t a l k ,  W ( f )  , 

t hen  comes from t h e  b a l a n c e  o f  t h e  D XD t e rms .  

t e rms .  The SXD5 
3 

3 3  
C 
8 

3 3  

T h i s  d i s t i n c t i o n  between t h e  d i s t o r t i o n  and c r o s s t a l k  d e r i v e s  

from the p re sence  of  t h e  i n p u t  spec t rum,  WV(f), as a m u l t i p l i c a t i v e  

f a c t o r  i n  some o f  t h e  o u t p u t  s p e c t r a l  terms.  These terms, which a r e  

d e s i g n a t e d  as d i s t o r t i o n ,  a r e  unique i n  t h a t  t h e i r  c o n t r i b u t i o n  t o  a 

g i v e n  frequency i n t e r v a l  i n  t h e  o u t p u t  i s  d i r e c t l y  r e l a t e d  t o  t h e  

amount o f  i n p u t  i n  t h a t  same f r equency  i n t e r v a l ;  i n  p a r t i c u l a r ,  i f  

t h e r e  i s  no i n p u t ,  t h e r e  w i l l  be no o u t p u t .  The c o n t r i b u t i o n s  of  

t h e  o t h e r  components t o  a g iven  frequency i n t e r v a l  i n  t h e  o u t p u t  a r e  

r e l a t i v e l y  i n s e n s i t i v e  t o  t h e  p r e s e n c e  o r  absence  of  a n  i n p u t  i n  t h a t  

same frequency i n t e r v a l ,  s i n c e  they  r e s u l t  from c o n v o l u t i o n s  o f  t h e  

i n p u t  spectrum and t h e  f i l t e r  t r a n s f e r  f u n c t i o n .  By ana logy  w i t h  t h e  

i n t e r m o d u l a t i o n  d i s c e r n i b l e  on an i d l e  t e l e p h o n e  c h a n n e l ,  t h e s e  con- 

t r i b u t i o n s  are r e f e r r e d  t o  as c r o s s t a l k .  Although t h e  c r o s s t a l k  l e v e l  

i s  f r e q u e n t l y  l e s s  t han  t h e  d i s t o r t i o n ,  i t  i s  o f t e n  more o b j e c t i o n a b l e  

s u b j e c t i v e l y  and t h e r e f o r e  c o n s t i t u t e s  a n  i m p o r t a n t  system performance 

c r i t e r i o n .  



I V .  NUMERICAL EXAMF'LE--FM WITH UNIFORM BASEBAND THROUGH 

A SINGLE-POLE FILTER 

A s  mentioned i n  t h e  i n t r o d u c t i o n ,  one o f  t h e  most  i m p o r t a n t  

f i l t e r s  t o  which t h e  f o r e g o i n g  a n a l y s i s  can b e  a p p l i e d  i s  t h e  s i n g l e -  

p o l e  f i l t e r .  The normal ized  e q u i v a l e n t  low-pass  t r a n s f e r  f u n c t i o n  

o f  th i s  f i l t e r  i s  g iven  by 

where f i s  t h e  3-db c u t o f f  f requency (which co r re sponds  t o  t h e  3-db 

ha l f -bandwid th  of  t h e  o r i g i n a l  band-pass  f i l t e r ) .  S u b s t i t u t i n g  Eq. (15)  

C 

i n t o  Eqs. (14)  y i e l d s ,  a f t e r  some t e d i o u s  b u t  s t r a i g h t f o r w a r d  a l g e b r a  

4 - f2W ( f )  

$ ( f )  = 2 
l + f  - 

where  t h e  u n d e r l i n e d  q u a n t i t i e s  a r e  normalized t o  f . 
C 
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An i n p u t  s i g n a l  o f  p a r t i c u l a r  i n t e r e s t  i s  one which i s  frequency-  

modulated by a g a u s s i a n  s i g n a l  having  a uniform s p e c t r a l  d e n s i t y  i n  

(A,B) cps,  where A << B ,  s i n c e  such  a baseband c l o s e l y  approx ima tes  

a f r equency-d iv i s ion -mul t ip l exed ,  m u l t i - c h a n n e l  communication s i g n a l .  

The s p e c t r a l  d e n s i t y  o f  t h e  i n p u t  phase  r a t e  can  then  be  w r i t t e n  

( , A S I f l S B  2 (B-A) 
w. ( f )  = { 

cp 
f e l s ewhere  1 O ,  

where D i s  t h e  rms d e v i a t i o n  o f  i n s t a n t a n e o u s  f requency  and where ,  

from Eq. ( 1 3 ) ,  t h e  s p e c t r a l  d e n s i t y  o f  t h e  i n p u t  phase  becomes 

f e l  sewhe re 
O ,  

It  i s  conven ien t ,  f o r  s i m p l i c i t y ,  t o  s e t  t h e  lowes t  baseband 

frequency A equa l  t o  z e r o  d e s p i t e  t h e  f a c t  t h a t  t h e  rms phase  ( i . e . ,  

t h e  square  r o o t  o f  t h e  i n t e g r a l  o f  w ( f )  o v e r  a l l  f )  t hen  does  n o t  

e x i s t .  The expans ion  f o r  t h e  o u t p u t  p h a s e  i s ,  o f  c o u r s e ,  mean ing le s s  

i n  t h a t  c a s e ,  b u t  t h e  co r re spond ing  e x p a n s i o n  f o r  t h e  o u t p u t  phase  

r a t e  a p p a r e n t l y  remains v a l i d .  However, t h e  o n l y  j u s t i f i c a t i o n  g i v e n  

h e r e  i s  t h a t  i f  t h e  s p e c t r a l  d e n s i t y  o f  t h e  o u t p u t  phase  ra te  i s  com- 

puted  from Eqs.  (13)  and (16)  u s i n g  Eq. (18)  f o r  W ( f )  and i f  t h e  

l i m i t i n g  v a l u e s  a re  t aken  as  A approaches  z e r o ,  t h e n  t h e  r e s u l t s  have  

(P 

cp 
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meaning and a r e  i d e n t i c a l  t o  t h o s e  ob ta ined  by s imply s e t t i n g  A e q u a l  

t o  ze ro .  Consequent ly ,  t h e  i n p u t  phase ra te  and phase s p e c t r a  w i l l  

be  t aken  a s  

2 2  
2n D 

W+(f) = - B 

and z e r o  e l sewhere .  

S u b s t i t u t i n g  W ( f )  from E q .  (19) i n t o  E q s .  (16) and u s i n g  E q .  

(13) t o  o b t a i n  t h e  s p e c t r a  f o r  t h e  o u t p u t  phase rate then  y i e l d s  

? 

where  i t  i s  unders tood  t h a t  t h e  terms v a n i s h  i n  t h o s e  f requency  i n t e r -  

v a l s  i n  which they  a r e  n o t  de f ined  and where u n d e r l i n i n g  i n d i c a t e s  

n o r m a l i z a t i o n  t o  f . The r e g i o n  of i n t e g r a t i o n  f o r  t h e  c r o s s t a l k  term 
C 



1 6  

i s  shown i n  Fig.  1. S ince  s p e c t r a l  d e n s i t i e s  a r e  even f u n c t i o n s  o f  

frequency , t h e s e  s p e c t r a  w i l l  be p l o t t e d  subsequen t ly  on ly  f o r  

p o s i t i v e  f r e q u e n c i e s .  

The spec t r a l  d e n s i t y  o f  t h e  s i g n a l  component o f  t h e  o u t p u t  phase  

ra te  given by t h e  f i r s t  o f  Eqs. (20) i s  p l o t t e d  as a f u n c t i o n  o f  t h e  

r e l a t i v e  baseband f r equency ,  f /B ,  f o r  a number o f  b a s e b a n d - t o - f i l t e r  

half-bandwidth r a t i o s ,  B / f c ,  i n  F ig .  2 ,  and i n  d e c i b e l s  i n  Fig.  3 .  

m i g h t  be e x p e c t e d ,  t h e  o u t p u t  s p e c t r a l  d e n s i t y  i s  f a i r l y  uniform when 

t h e  f i l t e r  i s  wide,  i . e . ,  B/f s m a l l .  A s  t h e  f i l t e r  i s  narrowed, t h e  

o u t p u t  t a k e s  t h e  shape o f  t h e  f i l t e r  power r e sponse  and,  i n d e e d ,  t h e  

s p e c t r a l  d e n s i t y  i s  down 3 db a t  t h e  h i g h e s t  baseband frequency f o r  

a f i l t e r  f o r  which B/f = 1. 

A s  

C 

C 

The s p e c t r a l  d e n s i t y  of  t h e  d i s t o r t i o n  component o f  t h e  o u t p u t  

phase r a t e  g i v e n  by t h e  second of  Eqs. (20)  c a n  be  i n t e g r a t e d  by ex- 

panding t h e  i n t e g r a n d  i n  p a r t i a l  f r a c t i o n s .  The r e s u l t  i s  

{tan -1 2 + 3f  2 D 

7 
8n wi ( f )  

- -  - 
D I f c  - B 2 2  ( f  - +l)(r2+4) 8(_f +1) 

which i s  p l o t t e d  i n  F i g s .  4 and 5. The d i s t o r t i o n  i n c r e a s e s  w i t h  base-  

band frequency i n  g e n e r a l ,  go ing  as t h e  s q u a r e  o f  t h e  f r equency  f o r  

wide f i l t e r s .  A drop-o f f  a t  t h e  h i g h e r  f r e q u e n c i e s ,  r e sembl ing  t h e  

s k i r t  of t h e  f i l t e r  power r e s p o n s e ,  o c c u r s  as  t h e  f i l t e r  i s  narrowed,  

i . e . ,  as f c  is  d e c r e a s e d  t h e r e b y  i n c r e a s i n g  B / f  . 
C 
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Fig. 2- Output signal spectral density 
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B/fc = 0; 1 

Input: FM with RMS freq. dev. D 
using a gaussian baseband 
uniform in (0, B) 

3 db half-bandwidth f 
Filter: Single-pole, bandpass with 
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Fig. 3- Output signal spectral density, decibels 
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Fig. 5- Output distortion spectral density, decibels 



I n  p r i n c i p l e ,  a t  l e a s t  one of t h e  i n t e g r a t i o n s  f o r  t h e  c r o s s t a l k  

can be performed by t h e  same procedure o f  expanding by p a r t i a l  f r a c -  

t i o n s .  However, t h e  a l g e b r a .  r e q u i r e d  a p p e a r s  t oo  fo rmidab le  t o  war- 

r a n t  the e f f o r t .  Even i f  i t  were accomplished,  i t  i s  h i g h l y  l i k e l y  

t h a t  the second i n t e g r a t i o n  would n o t  be p o s s i b l e  a n a l y t i c a l l y .  

The re fo re ,  numerical  r e s u l t s  were o b t a i n e d  by machine computat ion on 

t h e  IBM 7 0 4 4 ,  u s i n g  t h e  t echn ique  o f  i t e r a t e d  i n t e g r a t i o n  t o  e v a l u a t e  

t h e  double i n t e g r a l .  The r e s u l t s  a r e  p l o t t e d  i n  F ig .  6 ,  and i n  

d e c i b e l s  i n  F i g .  7 .  

>k 

Like the  d i s t o r t i o n ,  t h e  c r o s s t a l k  t e n d s  t o  z e r o  a t  t h e  lower 

end o f  t he  baseband and ,  i n  g e n e r a l ,  i n c r e a s e s  w i t h  frequency w i t h i n  

t h e  baseband. A l s o ,  t h e  e f f e c t  of t h e  f i l t e r  power r e sponse  i s  a g a i n  

e v i d e n t  f o r  narrow f i l t e r s .  Typ ica l  of  a t h i r d - o r d e r  s p e c t r a l  d e n s i t y ,  

t h e  c r o s s t a l k  spectrum e x t e n d s  t o  t h r e e  t imes  t h e  h i g h e s t  baseband 

frequency and f a l l s  smoothly t o  ze ro .  The s i g n a l  and d i s t o r t i o n  

s p e c t r a  b o t h  v a n i s h  a b r u p t l y  beyond t h e  h i g h e s t  baseband f r e q u e n c i e s  

s i n c e  they b o t h  c o n t a i n  t h e  i n p u t  s i g n a l  spectrum as a m u l t i p l i c a t i v e  

f a c t o r .  

Useful  approx ima t ions  t o  t h e s e  s p e c t r a  can  be  o b t a i n e d  by as- 

suming the h i g h e s t  baseband frequency B s u f f i c i e n t l y  s m a l l  i n  compari-  

son w i t h  t h e  f i l t e r  3-db h a l f - b a n d w i d t h ,  f c ,  s o  t h a t  v a r i a t i o n s  o f  

t h e  denominator terms i n  E q s .  (16) o v e r  t h e  r e g i o n s  of  i n t e g r a t i o n  

can be  n e g l e c t e d .  Simple i n t e g r a t i o n  t h e n  y i e l d s  

;‘r 
The Romberg approx ima t ion  t o  the d e f i n i t e  i n t e g r a l  w a s  employed 

w i t h  a r e l a t i v e  d i f f e r e n c e  between s u c c e s s i v e  approx ima t ions  o f  
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c 

These s p e c t r a  exceed t h e  c o r r e c t  v a l u e s  s l i g h t l y  b u t  do  n o t  d i f f e r  

s i g n i f i c a n t l y  f o r  v a l u e s  o f  B/f up t o  abou t  0.2.  They are shown i n  

F igs .  4 t o  7 a s  dashed l i n e s  f o r  B / f  = 0.1 and 0.2.  

C 

C 

The r a t i o s  o f  s i g n a l - t o - d i s t o r t i o n  and s i g n a l - t o - c r o s s t a l k  

s p e c t r a l  d e n s i t i e s  are shown i n  F igs .  8 and 9. These s p e c t r a l  r a t i o s  

a r e  q u i t e  similar i n  shape and dec rease  s t e a d i l y  a c r o s s  t h e  baseband.  

The s i g n a l - t o - c r o s s t a l k  s p e c t r a l  r a t i o  exceeds  t h e  s i g n a l - t o - d i s t o r t i o n  

s p e c t r a i  r a c i o  by a s u b s i a n i i a i  a ~ u i i n t  f o r  cases of - -n -c4 - , .1  pLaLLLLc.&L ; - + a - e n +  . L I I C b . . U Y  - y  

b e i n g  abou t  10 db g r e a t e r  even when t h e  rms f requency  d e v i a t i o n  e q u a l s  

t h e  f i l t e r  3-db ha l f -bandwid th ,  i . e . ,  D/fc  = 1. 

o f  Eqs. (22)  can  a l s o  be  used t o  o b t a i n  s imple  f o r m u l a t i o n s  o f  t h e s e  

r a t i o s  v a l i d  f o r  B/ fc  s m a l l .  

The approximat ions  

These become 
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and are shown as dashed l i n e s  on F i g s .  8 and 9 f o r  t h e  two lower 

v a l u e s  o f  B/fc .  

F i n a l l y ,  t h e  r a t i o  o f  t o t a l  s i g n a l  t o  t o t a l  d i s t o r t i o n ,  SDR, i s  

p l o t t e d  a g a i n s t  t h e  h i g h e s t  normalized baseband f r equency ,  B / f c ,  i n  

F ig .  10. The t o t a l  s i g n a l  i s  simply the  i n t e g r a l  o f  t h e  f i r s t  o f  

Eqs.  (20 ) .  The t o t a l  d i s t o r t i o n  was computed n u m e r i c a l l y  from Eq. (21)  

on the RAND JOSS computer u s i n g  a two-point  g a u s s i a n  i n t e g r a t i o n  w i t h  
5; 

20 i n t e r v a l s .  The approx ima t ions  of  E q .  (22)  may a l s o  be i n t e g r a t e d  

from -B t o  B t o  y i e l d  
3 

2 2  SDR _z 

4 D B  

which i s  v a l i d  f o r  B/f s m a l l  and i s  shown on F ig .  10 as a dashed 

l i n e .  It may b e  c o n j e c t u r e d  t h a t  i f  t h i s  r a t i o  i s  l a r g e ,  t hen  t h e  

C 

d e c r e a s i n g  s i z e s  o f  d i s t o r t i o n  and c r o s s t a l k  r e l a t i v e  t o  s i g n a l  w i l l  

i n s u r e  t h a t  t h e  h i g h e r - o r d e r  c o n t r i b u t i o n s  o f  d i s t o r t i o n  and c r o s s -  

t a l k  can be s a f e l y  n e g l e c t e d .  It i s  on t h i s  b a s i s  t h a t  t h e  f o r e g o i n g  

theo ry  i s  r e p r e s e n t e d  as a n  a c c u r a t e  measure o f  t h e  d i s t o r t i o n  and 

c r o s s t a l k  w i t h  t h e  o n l y  c o n d i t i o n  b e i n g  t h a t  t h e  t o t a l  d i s t o r t i o n  be  

small .  

For example, from F ig .  10, t h e  s i g n a l - t o - d i s t o r t i o n  r a t i o  e q u a l s  

10 db f o r  t he  f i l t e r  and i n p u t  spectrum b e i n g  c o n s i d e r e d  i f  t h e  f i l t e r  

half-bandwidth f e q u a l s  2 M c ,  t h e  r m s  f r equency  d e v i a t i o n  D e q u a l s  

1.4 Mc and t h e  h i g h e s t  baseband frequency B e q u a l s  1 Mc, i . e . ,  D / f  = 

0 .7  3 -  1 . 5  db and B / f  = 0.5 .  Then, from F i g .  8 ,  t h e  s i g n a l - t o - d i s t o r t i o n  

s p e c t r a l  r a t i o  a t  t h e  upper end of t h e  baseband ( t h e  wors t  c h a n n e l )  i s  

2 . 6  + 3 = 5 .6  db and ,  from F ig .  9 ,  t h e  c o r r e s p o n d i n g  s i g n a l - t o - c r o s s t a l k  

C 

C 

C 

* 
JOSS i s  t h e  t rademark and s e r v i c e  mark of  The RAND C o r p o r a t i o n  

f o r  i t s  o n - l i n e  t ime-sha red  computer program and s e r v i c e s  u s i n g  t h a t  
program. 
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s p e c t r a l  r a t i o  i s  12.6 + 6 = 18.6 db. T h i s  i s ,  o f  c o u r s e ,  a somewhat 

extreme example o f  a v i r t u a l l y  unusab le  channel  b u t  serves n e v e r t h e l e s s  

t o  i n d i c a t e  t h e  wide range  o f  a p p l i c a b i l i t y  o f  t h e  r e s u l t s .  

As  a more p r a c t i c a l  example,  c o n s i d e r  an  FM s i g n a l ,  modulated 

by a uniform baseband e x t e n d i n g  t o  2 .4  Mc and hav ing  an  rms d e v i a t i o n  

of  20 Mc i n  t h e  RF channel .  Assume a frequency feedback receiver 

hav ing  a feedback f a c t o r  o f  20 d b ,  uniform a c r o s s  t h e  baseband,  and a 

s i n g l e - p o l e  I F  f i l t e r  w i t h  a 3-db ha l f -bandwidth  o f  4 M c .  The rms 

frequency d e v i a t i o n  i n  t h e  I F  channel  i s  t h e n  2 M c  and t h e  system 

parameters  become B = 2 . 4  Mc, D = 2 Mc and f = 4 Mc, y i e l d i n g  t h e  

r a t i o s  B/f = 0 .6  and D/f = 0 . 5  9 - 3 db.  R e c a l l i n g  t h a t  t h e  d i s t o r -  

t i o n  i n  a l i n e a r  feedback network i s  reduced by  t h e  feedback f a c t o r ,  

i t  f o l l o w s  from F i g .  10 t h a t  t h e  s i g n a l - t o - d i s t o r t i o n  r a t i o  

SDR = 6 . 1  + 6 + 20 = 3 2 . 1  db. The s i g n a l - t o - d i s t o r t i o n  s p e c t r a l  

r a t i o  a t  Lhe upper  end o f  t h e  baseband becomes 1 . 9  + 6 + 20 = 2 7 . 9  db 

from Fig.  8 and t h e  co r re spond ing  s i g n a l -  t o - c r o s s t a l k  s p e c t r a l  r a t i o  

i s  11 .6  + 1 2  + 20 = 43.6 db from F i g .  9 .  

C 

C C 

It i s  seen  t h a t  t h e  d i s t o r t i o n  and c r o s s t a l k  remain s u b s t a n t i a l  

i n  t e r n s  o f  t h e  c r i t e r i a  f o r  h i g h - f i d e l i t y  te lephony.  F u r t h e r  improve- 

ments  can b e  o b t a i n e d  o n l y  by i n c r e a s i n g  t h e  f e e d b a c k ,  which p o s e s  

severe pract ical  problems i n  such  wide-band c i r c u i t r y ,  o r  by widening  

t h e  I F  f i l t e r ,  which v i t i a t e s  t h e  t h r e s h o l d  r educ ing  advan tage  o f  

t h e  feedback p r o c e s s .  
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Appendix A 

EXPANSION OF OUTPUT PHASE 

To expand t h e  o u t p u t  phase  given by Eq. ( 6 )  u s e  t h e  s e r i e s  

2 2  
(A- 1)  

-1 t a n  x = 
X 

l + x  [1+ $ (5) + 3.5 2.4 (+) + .. .] 2 
l+x l+x 

2 
which converges f o r  x < a, and t a k e  x as  the  r a t i o  o f  i n t e g r a l s  i n  

Eq. (6) 

Then t h e  terms o f  

1 + xL a'+ b' 

and 

CI n 

The s i n e  and 

7 du g ( u ) s i n  V(t-u) 
a 0  
b m  

J du g(u)cos v ( t - u )  
0 

x = -  = 

i n t e r e s t  i n  Eq. (A-1) are of t h e  form 

cc 
m 

,[ du g ( u )  s i n  cp(t-u) du g(u) c o s  cp(t-u) 

(A-2) 

(A- 3 )  
0 

2 

J 

m 

r l d u  g(u)  s i n  cp(t-u) g(u)  c o s  cp ( t -u ) l  

0 'U 

l s d u  g ( u ) s i n  cp(t-u) g ( u ) c o s  V(t-u)  
0 

c o s i n e  f u n c t i o n s  c a n  b e  expanded i n t o  power series 
3 

which  converge f o r  q L ( t )  < m. L e t  t h e s e  s e r i e s ,  o r  t h e i r  e q u i v a l e n t ,  



3 2  

t h e  T a y l o r ' s  s e r i e s  expans ion  f o r  t h e  i n p u t  s i g n a l  exp[icp( t ) ]  , converge 

uniformly on t h e  i n f i n i t e  i n t e r v a l  on t .  Then, s i n c e  
m 

J d u ( g ( u )  I < 
0 

(A-5)  

( 4 6 )  f o r  a l l  s t a b l e  networks,  t h e  ser ies  may be  i n t e g r a t e d  term by term. 

The numerators  i n  Eqs.  (A-3)  and (A-4)  become 

1 . . .] a b  = [@l- 31 1 

and 

a2 = - 7 1 g3 + ...f 

where the n o t a t i o n  @ i s  a g e n e r a l i z a t i o n  of  Eq.  (8) 
n 

03 

n = du g ( u )  q n ( t - u )  

0 

( A - 7 )  

(A-8) 

w h i l e  t h e  denominators  are  

1 1 . . .I a2 + b = p1 - 7 Q 3  + ...I + [l - 5 e2 + F  Q4 - 
2 2 1 .  

2 2  + -  G 4  + ... Q (3 + . . .  + 1 - - - 2 + - L 4  = @ 1 - -  31 1 3 21 (21)  2 41 
2 1 2 2  

2 - - O Q  1 + z Q 2 + - Q  1 2  1 + O ( c p )  6 
- @ 2  3 1 3  12 4 

= l + Q 1  

= 1 + R  ( A - 9 )  
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The r e c i p r o c a l  o f  t h e  denominators c a n  be  e x p r e s s e d  i n  powers o f  

R by u s i n g  t h e  expansion 

(A- 10) 2 ( l+R)- '  = 1 - R + R - ..., R2 < 1 

2 
which r e q u i r e s  t h a t  t h e  sum a + b2 l i e  i n  t h e  open i n t e r v a l  ( 0 , 2 ) .  

I t  i s  n o t  p o s s i b l e  t o  bound t h e  sum away from t h e  v a l u e  z e r o  s i n c e  

c e r t a i n  f u n c t i o n s  can cause  a and b t o  v a n i s h  s imul t aneous ly  f o r  some 

v a l u e s  o f  t .  Thus, a necessa ry  c o n d i t i o n  f o r  i n v e r t i n g  t h e  denominator  

i s  t h a t  a + i b ,  i . e . ,  t h e  o u t p u t  s i g n a l  g iven  by Eq. ( 5 ) ,  n o t  v a n i s h .  

An example o f  a f u n c t i o n  which a c h i e v e s  t h i s  a t  t = 0 i s  cp(t) = 

2 n k r  
- t  

g ( s ) d s  + A ,  where k is  an i n t e g e r  n o t  ze ro  and h i s  a n  a r b i t r a r y  
" 0  * 

c o n s t a n t .  I t  w i l l  be assumed i n  the  f o l l o w i n g  t h a t  such f u n c t i o n s  

are s u f f i c i e n t l y  s i n g u l a r  t h a t  they c a n  be avoided o r ,  as w i l l  be  t h e  

c a s e  when a s p e c t r a l  a n a l y s i s  i s  performed u s i n g  a n  ensemble o f  func-  

t i o n s ,  t h a t  t h e i r  e f f e c t  can be n e g l e c t e d .  

To bound t h e  denominator  from above,  n o t e  t h a t  i t  can  be  w r i t t e n  

W m 

a2 + b2 = du dv g(u)g(v)cos[cp( t -u) -~( t -v) ]  

0 0  

W 2 

from which i t  f o l l o w s  t h a t  a s u f f i c i e n t  c o n d i t i o n  f o r  i n v e r t i n g  t h e  

denominator  i s  g i v e n  by 
CD 

J duIg (u )  I <E? 
0 

(A- 12) 

* 
P r i v a t e  communication from 0. A.  Gross o f  The RAND C o r p o r a t i o n .  
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T h i s  c o n d i t i o n  r e q u i r e s  t h a t  t he  f i l t e r  impulse r e sponse  be  "we l l  

behaved." While t h e  l o o s e n e s s  o f  t h e  bound used may have made t h e  

c o n d i t i o n  e x c e s s i v e l y  r e s t r i c t i v e  f o r  g e n e r a l  use , i t  i s  s a t i s f a c t o r y  

f o r  the c a s e s  o f  immediate i n t e r e s t .  For  example,  i t  i s  c l e a r l y  s a t i s -  

f i e d  by any non-nega t ive  impulse r e s p o n s e ,  such a s  t h a t  o f  a f i r s t -  

o r d e r  f i l t e r ,  by v i r t u e  o f  t h e  n o r m a l i z a t i o n  of  Eq. ( 4 ) .  

does  not appea r  f e a s i b l e  t o  a p p l y  Eq. (A-12) a n a l y t i c a l l y  t o  t h e  impulse 

r e sponses  o f  h i g h e r - o r d e r  f i l t e r s ,  i t  can  be used g r a p h i c a l l y  on p l o t s  

s i m i l a r  t o  those  g iven  by Henderson and Kautz .  ( 4 7 )  

by i n s p e c t i o n  of  F ig .  9 ,  Ref.  47,  t h a t  B e s s e l  f i l t e r s  of  a l l  o r d e r s  

s a t i s f y  Eq. (A-12). The low-order  B u t t e r w o r t h  f i l t e r s ,  and t o  a 

l e s s e r  e x t e n t  Tchebycheff f i l t e r s ,  a l s o  a p p e a r  t o  have s u f f i c i e n t l y  

s m a l l  nega t ive -go ing  r e g i o n s  i n  t h e i r  impulse r e s p o n s e s  t o  s a t i s f y  

t h e  c o n d i t i o n .  

Although i t  

It i s  a p p a r e n t  

Re tu rn ing  t o  Eq. (A-9),  expanding i n  powers o f  R a c c o r d i n g  t o  

Eq. (A-10) then  y i e l d s  

2 2 + [Qf; - 2Q @ + Q2 + ...' + 
1 2  J " '  

2 1 6 
= 1 - Q1 + Q + Q Q + ?  o2  - - @ + Pf; - 2P;a2 + O(cp ) (A-13) 

2 3 1 3  4 2  1 2 4  

S u b s t i t u t i n g  Eqs. (A-6) and (A-13)  i n t o  Eq. (A-3) g i v e s  t h e  l e a d i n g  

term i n  t h e  expans ion  o f  Eq. (A-1) 
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X 2 2 -1 - -  2 - (ab)  (a + b ) 
l+x 

Q Q + -  1 Q +  ...I 
x [I-Q 2 +Q + - 1 Q 9 + - 3 2  - 9 + Qif-21 2 @ + ...I 

1 -  1 Q Q + -  Q 4 1 
= ['l- 6 '3- 2 1 2 24 1 4+ 12 2 3 120 5 

1 2 3 1 3 4 2 1 2 4  1 2  

3 1 2  3 2 1  5 3 -  1 1 2  1 
1 1  1 2  3 1 3  4 1 2  1 2  1 4  1 1 2  6 3 6 1 3  6 2 3  

= @ - @ + 4  Q + - @  Q + - Q  @ - - @  ( P + @  -2@ Q - - Q + - $ @ - - @ @  

4 + ... 1 1 3 .  1 2 1  1 
2 1 2  2 1 2  2 1 2  24 1 4  12  2 3  1 2 0  5 

- - c p c p + - Q Q - - c p Q + - ~ c p , + - T c p + -  

3 1  1 2  2 
= T - @ + - @  T - h + - c p  o + b  9 - 2 Q  cp 

1 1 2  1 2  6 3 2 1 3  4 1 2  24 1 4  
5 3 3  1 1 7 9 @ - - @ T + - T + O ( C p )  + I P 1 - 2  1 2  1 2  2 3  120 5 

(A- 14)  

and (A-4) y i e l d s  t h e  second term i n  E q .  (A-1) 

2 2 2 - 2  2 

2 2 3  l+x l+x 
(ab)a  (a + b ) 2 x  x - - - = -  

I2 1 - - 2  2 
= 3 [a1- 2 a3- 2 m1m2+ ... m - $ mp3+ ...I [l-m 1 2  +Q +... 1 i. 1 

- 

4 5  3 1 2  7 = 2 + 3 - -  3 1  
3 1  m + a la2  - 7 m1m3 + O(cp ) 

The t h i r d  term i n  E q .  (A-1) i s  

2 
4 2 2 - 3  2 

( 2 )  = % ( a b ) a  (a + b ) 
8 x  -- - 
l5 1+x2 l+x 

8 5  7 
15 1 = - m + O(cp ) 

(A-15) 

(A- 16) 

Summation of  E q s .  (A-14) , (A-15), and (A-16) p r o d u c e s ,  f i n a l l y  
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e(t) = m1 - - 

m + ... Q G  +- 1 1 
+ + m: - 4 $ 3 2  - 12 2 3 120 5 

= Q1 - $ [Q3 - 3+201 + 3 @ p 1  2 - a;] 

$3 + &j [m5  - 5% m + 101P3Q1 - 10Q Q + 51P1m1 - 2 3 
4 1  2 1  

- + [Q2 - 2Q1Q1 + m;] [m3 - 3192Q1 + 3 4  - mi] + 0 . 0  

W 03 
3 5 

= $ ( t )  - du g ( u ) [ v ( t - u ) - @ ( t ) ]  + & du g ( u ) [ ~ p ( t - ~ ) - @ ( ~ ) l  

0 
(A-  17) 

0 
m W 

- 1 du g ( u ) [ v ( t - u ) - Q ( t ) ]  2 du g ( u ) [ y ( t - u ) - Q ( t ) ]  3 + O(CP 7 ) 
12  

0 0 

which i s  the  d e s i r e d  r e s u l t .  The a l g e b r a i c  m a n i p u l a t i o n s  r e q u i r e d  

between t h e s e  s t eps  a r e  n o t  obvious and ,  i f  d e s i r e d ,  t h e  r e s u l t  

i s  most e a s i l y  v e r i f i e d  by expanding E q .  (A-17) and comparing i t  w i t h  

t h e  p reced ing  l i n e s .  
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Appendix B 

TAYLOR' S S E R I E S  EXPANSION 

The o u t p u t  phase f u n c t i o n  g i v e n  by E q .  (6)  i s  v e c t o r - v a l u e d ,  

i . e . ,  each  i n p u t  phase f u n c t i o n  y ( t , u ) ) ,  WESI, d e f i n e s  a v a l u e  o f  t h e  

o u t p u t  phase  f u n c t i o n  e(t ,a)  which i s  a p o i n t  o r  v e c t o r  i n  i d ,  Such 

v e c t o r - v a l u e d  f u n c t i o n s  a re  t r e a t e d  by H i l l e  and P h i l l i p s  ( 44)  who 

show t h a t  unde r  c e r t a i n  c o n d i t i o n s  the T a y l o r ' s  s e r i e s  expans ion  o f  

a v e c t o r - v a l u e d  f u n c t i o n  f ( x )  i s  g iven  (Thms. 3.16.2 o r  3.17.1) by 

m 

f(x+h) = 5 &jn(x;h) 

n=O 

t h  
where ( E q .  (3.16.1)) 6 n f ( x ; h ) ,  t h e  n 

h ,  i s  g i v e n  by 

v a r i a t i o n  of  f (x )  w i t h  increment  

n n 

L=O 

It i s  a l s o  shown (Thm. 26.3.5) tha t  Gnf(x;h) i s  a homogeneous poly-  

nomial o f  d e g r e e  n i n  h and t h a t ,  i n  p a r t i c u l a r  (Thm. 26.3.2) , 
Gf(x;h) i s  l i n e a r  i n  h. 

Assuming d i f f e r e n t i a b i l i t y ,  i t  i s  p o s s i b l e  t o  o b t a i n  t h e  expan- 

s i o n  f o r  O ( t )  g i v e n  by Eq. ( 7 )  by app iy ing  t h e  above t o  Eq. (6). The 

expans ion  w i l l  b e  e v a l u a t e d  a t  t h e  p o i n t  x = 0 and h w i l l  b e  t a k e n  as 

t h e  i n p u t  phase  cp ,  i.e. 

h E cp(t-u) 
U 

(B- 3) 
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where t h e  s u b s c r i p t  h a s  been  in t roduced  t o  i d e n t i f y  t h e  v a r i a b l e  o f  

i n t e g r a t i o n .  I n  t h e s e  terms, t h e  expans ion  becomes 

m 

f ( h )  = 1 bnf(O;h) n! 
n=O 

where 
m 

U 
sdu g ( u ) s i n  ch  

-1 0 t a n  co 
n dn 6 f ( 0 ; h )  = - 

d c n  [du g ( u ) c o s  <hU 
0 

03-41 

C=O 

The ze ro -o rde r  v a r i a t i o n  i s  found d i r e c t l y  from Eq. ( B - 5 )  f o r  

n=O 

0 
6 f ( 0 ; h )  = 0 

The f i r s t  d e r i v a t i v e  i s  g iven  by 

-1 a t a n  - d 6  b 
- 

- ba'-  a b '  

a2 + b2 
- 
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so t h e  f i r s t  v a r i a t i o n  becomes 

03 

i, 1 f ( 0 ; h )  = r 1 du g ( u ) h u  
1, 

0 

where t h e  n o r m a l i z a t i o n  o f  E q .  ( 4 )  has  been  used. 

F u r t h e r  d e r i v a t i v e s  o f  Eq. (B-7) are r e q u i r e d  t o  f i n d  t h e  h i g h e r  

v a r i a t i o n s .  These can  be  found s y s t e m a t i c a l l y  by w r i t i n g  Eq. (B-7) as 

o r  

D i f f e r e n t i a t i n g  t h e  p roduc t  then  y i e l d s  h i g h e r  o r d e r s  o f  R i m p l i c i t l y .  

Thus,  t h e  rth d e r i v a t i v e  o f  Eq. (B-10) i s  

(B- 11)  

s=o 

t h  
which,  when e v a l u a t e d  a t  ze ro  and used r e c u r s i v e l y ,  y i e l d s  t h e  n va-  

r i a t i o n  a c c o r d i n g  t o  

bnf(O;h) = R (n-1) (o) (B-12) 

The expans ion  of  Eq. (B-11) w i l l  i n v o l v e  v a r i o u s  d e r i v a t i v e s  of 

N and D. From t h e i r  d e f i n i t i o n  by E q s .  (B-7) and (B-9), i t  i s  seen  

t h a t  
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I 
0 ; m odd 

drn)(0) = m m (B- 13) 

(-1)m'2 du  dv g(u)g(v)hu(hu-hv)m;  m even 

0 0  

and 

0 ; m odd 

d r n ) ( 0 )  = 03 W (B- 14)  

(-l)m'2 du dv g (u )g (v )  (hu-hv)m; m even 

\ 0 0  

As a r e s u l t ,  n o t e  t h a t  when r i s  odd i n  E q .  (B-11)  and t h e  d e r i v a t i v e s  

a r e  eva lua ted  a t  6=0, t h e n  a l l  t h e  even d e r i v a t i v e s  of  R a r e  p a i r e d  

w i t h  odd d e r i v a t i v e s  of D ,  which v a n i s h ,  and t h e  odd d e r i v a t i v e  

of N on t h e  r i g h t  c a u s e s  t h e  sum o f  a l l  p r o d u c t s  i n v o l v i n g  odd de -  

r i v a t i v e s  of  R t o  van i sh .  Commencing r e c u r s i v e l y  from R ( l )  ( 0 ) ,  which 

c l e a r l y  v a n i s h e s ,  i t  then  f o l l o w s  t h a t  a l l  odd d e r i v a t i v e s  of R v a n i s h ,  

and from Eq. (B-12), t h a t  a l l  even v a r i a t i o n s  t h e r e f o r e  v a n i s h ,  i.e. 

gnf(O;h)  = 0 ,  n even  (B-15)  

I n  t h e s e  terms, t h e  f i r s t  v a r i a t i o n  i s  found a g a i n  by s e t t i n g  

r=O i n  Eq. (B-11)  which y i e l d s ,  a t  c=O 

CD 

R(O'(0) = N ( O ) ( o )  = du g ( u ) h u  

0 

(B-16) 

where in ,  from Eq. ( 4 )  

D'O) (0) = 1 (B-17) 
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Then, from Eq. (B-12) 

m 

1 6 f (0 ;h)  = J du g(u)hu 
0 

(B-18) 

which ,  o f  c o u r s e ,  a g r e e s  w i t h  Eq. ( B - 8 ) .  

To f i n d  t h e  t h i r d  v a r i a t i o n ,  set  n=2 i n  Eq. (B-11)  a t  c=O and drop  

t h e  v a n i s h i n g  odd d e r i v a t i v e s  o f  R. Then 

R(2)  (0) + R(O) (0)D(2) (0) = N ( 2 )  (0) 

and 
03 W 

3 2 
6 f ( 0 ; h )  = R ( 2 ) ( 0 )  = - 1 du dv g(u)g(v)hu(hu- hv) 

0 0 0  

m m 

(B- 19) 

(B-20) 

where a l g e b r a i c  m a n i p u l a t i o n s  s i m i l a r  t o  those  l e a d i n g  t o  Eq. ( A - 1 7 )  

have  been  performed. 

The f i f t h  v a r i a t i o n  f o l l o w s  from s e t t i n g  n=4 i n  Eq. (B-11) 

R ( 4 )  (0) + 6R(2) ( 0 ) D ( 2 )  (0) + R(O) ( 0 ) D ( 4 )  (0) = N ( 4 )  (0) 

SO 

R(4)  (0) = N ( 4 )  (0)-6[N(2) (O)-N(O) (0)D(2) (0)]D(2) (0)-N(o) (0)D(4) (0) (B-21) 

Then 
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c o r n  

0 0  

c o r n  0 3 0 3  

0 0  0 0  

m n 

0 0 0  

m w r n  

0 0 0  

03 m m m 

(B-22) 

0 0 0 0 

where , a g a i n ,  a c o n s i d e r a b l e  number o f  a l g e b r a i c  m a n i p u l a t i o n s  have 

been performed b u t  n o t  shown. 

The f i n a l  expans ion  i s  o b t a i n e d  by s u b s t i t u t i n g  E q s .  (B-6),  ( B - 8 ) ,  

( B - 1 5 ) ,  (B-20) and (B-22) i n  E q .  ( B - 1 )  and u s i n g  E q s .  ( B - 3 )  and (A-8)  

t o  r e t u r n  t o  t h e  o r i g i n a l  n o t a t i o n .  Then 

m 03 

e ( t )  = *( t>  - Sdu g ( u ) [ c p ( t - ~ ) - @ ( t ) ] ~  + 1 fdu g ( u ) [ ( p ( t - u ) - @ ( t ) 1 5  3! 
0 0 

m (B-23) m 

0 0 

which i s  t h e  d e s i r e d  r e s u l t .  
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Appendix C 

SPECTRAL ANALYSIS 

A s  sugges ted  i n  S e c t i o n  111, l e t  t h e  o u t p u t  phase  of  Eq. (7)  b e  

w r i t  t e n  

e ( t )  = S ( t )  + D3(t) + D 5 ( t )  + ... (C- 1) 

where S ,  D and D d e n o t e  t h e  s i g n a l  and t h i r d -  and f i f t h - o r d e r  corn- 

ponen t s  o f  t h e  o u t p u t ,  r e s p e c t i v e l y .  The s i g n a l  component o f  t h e  o u t -  

3 5 

p u t  phase i s  t h e n  o b t a i n e d  immediately from Eq. (12) by c o n s i d e r i n g  

t h e  S x S  term and i n t r o d u c i n g  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  Eq. (11) 

and t h e  F o u r i e r  t r a n s f o r m  o f  Eq. (10) a s  needed. Thus 

m c o  m 
- i 2 n f T  

= b u h v  

0 0  

- m  0 0  

W m (I) .. 

i 2 n f u b v  e- i2n fvJ  dTR (?)e  - i2Tf  T 

Cp 
= h u  g ( u > e  

0 0 -OD 

= G( - f) G (  f )  Wcp( f )  
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where t h e  F o u r i e r  t r a n s f o r m s  o f  Eqs. (2) and (10) a re  used i n  t h e  l a s t  

s t e p .  F i n a l l y ,  from t h e  p r o p e r t y  o f  G g i v e n  by Eq. (3) 

which i s  t h e  f i r s t  of Eqs. (14). It h a s  been d e r i v e d  i n  some d e t a i l  

t o  i l l u s t r a t e  t h e  sequences of s t e p s  which are t y p i c a l  o f  t h o s e  t o  

fol low.  

There are two SxD terms i n  Eq. (C-1). From Eq. (12) t h e  d i s t o r -  3 

t i o n  component o f  t h e  o u t p u t  phase  t h e n  becomes 

m m 

0 0 

J 
0 

J 

m m  

0 0  

+ cp (t+T-u, tu) [Q ( t  , 61)) -cp ( t -v  , cu) 13} 

Thus,  i t  i s  n e c e s s a r y  t o  c o n s i d e r  e x p e c t a t i o n s  o f  t h e  form 
n 

E { v ( t n - u  J d c Q (t ,m)-cp(t-v ,a) 1-3 e 

NOW, i f  F ( t )  i s  a zero-mean g a u s s i a n  v a r i a t e ,  t h e n  (48) (Eq. (42b)) 

a l l  
p a i r s  
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where t h e  sum i s  t a k e n  o v e r  a l l  t h e  1 . 3 * 5 * = * ( 2 n - l )  d i f f e r e n t  ways t h e  

2n t i m e  p o i n t s  tl,t 2 , . . .  

cp and Q-cp are such q u a n t i t i e s ,  i t  fo l lows  t h a t  

can  be  d iv ided  i n t o  n p a i r s .  Then, s i n c e  t2n 

Using Eq. (8) t o  e l i m i n a t e  @, t h e  f i r s t  expec ted  v a l u e  i n  Eq. (C-6)  

becomes 

W 

43 
n 

= J d x  g(x)R (fT+x-u)-R (ft7i-v-u) 
cp cp 

0 

cp' 
where Eq. (11) i s  used t o  i n t r o d u c e  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  R 

S i m i l a r l y ,  t h e  second expec ted  va lue  i n  Eq. ( C - 6 )  becomes 
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2 
E { [ @ ( t  ,w) -a (  t-v ,u) ] ] 

m a r  

From Eq. ( l o ) ,  t h e  t h i r d  term above i s  

m 
n 

and t h e  second term becomes 

m m w 

0 0 - m  

(C -  10) 

The leading  term i n  Eq. (C-8 )  amounts t o  ano the r  i n t e g r a t i o n  on Eq. 

( C - l o ) ,  o r  

m m  m m 
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W 

i 2rr pv 

- W  I 

and f u r t h e r  s u b s t i t u t i n g  Eqs. (C-7) and (C-12) i n  (C-6) y i e l d s  

= 3 { dx g(x)R (fT+x-u)-R (H+v-u) 
'p cp 

0 
( C -  13) 

I - m  

When t h e  F o u r i e r  t r ans fo rm o p e r a t i o n  o f  Eq.  (C-4) i s  performed 

~ 

on  Eq. (C-13), i t  is  c lear  t h a t  on ly  t h e  f i r s t  f a c t o r  i s  involved .  

I t s  two forms are  
~ 

m 

3{ S ~ X  g(x)R (T+x-u)-R (TW-u)) 
cp cp 

0 

m m 

m 00 

i 2n file- i2nf  u 
= r G ( - f ) - e  Wv(f) 

and ,  n o t i n g  t h a t  R i s  a n  even func t ion  
CP 

( C -  14) 
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(C-15) 

S u b s t i t u t i n g  E q s .  (C-13) ,  (C-14) , and (C-15) i n  (C-4) then  y i e l d s  

m w  

X {[G(-f)-e i 2nfvIe- i 2 n  fu+ ( f )  - e - i 2n fvIe i 217 f u} (C-16) 

The i n t e g r a t i o n s  on u fo l low t r i v i a l l y .  

Consider  nex t  t h e  p r o d u c t  of  t h e  second l i n e  o f  Eq. (C-16) w i t h  

those  f u n c t i o n s  of  P i n  t h e  t h i r d  l i n e  which do n o t  c o n t a i n  v ,  v i z . ,  

lG(p)  l2 + 1. The b r a c k e t e d  q u a n t i t i e s ,  [G(ff) - e x p ( ~ i 2 ~ f v ) ] ,  t h e n  

c l e a r l y  v a n i s h  when i n t e g r a t e d  on v .  Thus,  t h e  on ly  term remaining 

i s  
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x ([G(-f)-e i2rrfv ]G(f) + rG(f)-e-i2TTfV]G(-f)} L 

03 
n 

" W  

(C- 17) 

1 G ( - p )  - G ( - p - f ) G ( f )  - G ( - p + f ) G ( - f )  

The spectrum W i s  a n  even f u n c t i o n  so a change i n  s i g n  on t h e  t h i r d  

term p e r m i t s  t h e  p r o d u c t  of  t h e  G f u n c t i o n s  t o  be  w r i t t e n  w i t h  t h e  

- - - n e  L~~~~~~~~ 4 .7n cf t h e  srgijments of t h e  similar p roduc t  i n  the  c e n t e r  term. 

Then, by t h e  symmetry p r o p e r t y  of  G g i v e n  by Eq. ( 3 ) ,  t h e  sum of  t h e  

last  two terms i n  Eq. (C-17) i s  seen t o  e q u a l  t w i c e  t h e  real  p a r t  o f  

e i t h e r  one.  Thus, Eq. (C-17) becomes 

wh ich  i s  t h e  second o f  Eqs. (14). 
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5 The terms o f  n e x t  h i g h e r  o r d e r  i n  Eq. (12) a r i se  from t h e  SXD 

and t h e  D XD terms of  Eq. (C-1 ) .  The f i r s t  o f  t h e s e  c a n  be  r ecogn ized  

immediately as a second-order  c o n t r i b u t i o n  t o  t h e  d i s t o r t i o n  g i v e n  by 

3 3  

Eq. (C-18). T h i s  f o l l o w s  from t h e  f a c t  t h a t  when t h e  expec ted  v a l u e  

o f  t he  r e s u l t i n g  s i x t h - o r d e r  p r o d u c t  o f  g a u s s i a n  va r i a t e s  i s  f a c t o r e d  

i n t o  t h e  v a r i o u s  groups o f  t h r e e  p a i r s  a c c o r d i n g  t o  Eq. (C-5), t h e n  

o n l y  one o f  t h e  p a i r s  w i l l  be a f u n c t i o n  o f  t h e  c o v a r i a n c e  v a r i a b l e  7 .  

When t h e  F o u r i e r  t r a n s f o r m  o f  t h e  p r o d u c t  o f  t h e  t h r e e  expec ted  v a l u e s  

i s  t aken ,  o n l y  t h a t  term w i l l  b e  invo lved  and t h e  r e s u l t  w i l l  y i e l d  a 

m u l t i p l i c a t i v e  f a c t o r  W ( f ) .  I n  t h i s  r e s p e c t ,  i t  i s  comple t e ly  a n a l o -  

gous t o  t h e  s t e p s  l e a d i n g  t o  Eq. (C-14). 
cp 

The D3XD3 term a l s o  y i e l d s  a second-o rde r  d i s t o r t i o n  c o n t r i b u t i o n  

as w e l l  as t h e  d e s i r e d  f i r s t - o r d e r  c r o s s t a l k .  To show t h i s ,  n o t e  from 

Eq. ( C - 1 )  t h a t  

a3 

0 0  ( C -  19)  

For  b r e v i t y ,  l e t  a and b d e n o t e ,  r e s p e c t i v e l y ,  t h e  f i r s t  and second 

b racke ted  terms i n  Eq. (c-19). Then, a c c o r d i n g  t o  Eq. ( C - s ) ,  t h e  15 

d i f f e r e n t  p a i r i n g s  of  E ( a  b ) y i e l d  t h e  two un ique  terms 3 3  
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3 3  2 2 
E ( a  b ) = 9E(a ) E ( b  )E(ab) + 3 E ( a b  c- 20) 

Of t h e s e ,  o n l y  E(ab) i s  a f u n c t i o n  of  t h e  c o v a r i a n c e  v a r i a b l e  T,  so 

t h e  f i r s t  term i n  Eq. (C-20) c o n t r i b u t e s  a second-order  term t o  t h e  d i s -  

t o r t i o n  g i v e n  by Eq. (C-18)  e x a c t l y  a s  d i d  t h e  SxD5 terms. 

t h e  second term o f  Eq. (C-20) i n  Eq. (C-19) t h e n  y i e l d s  

Using o n l y  

m m  

0 0  

and i t  remains t o  perform t h e  i n d i c a t e d  o p e r a t i o n s .  

(C-21) 

Noting Eq. (8) f o r  $, t h e  expected v a l u e  i n  Eq. (C-21) i s  g i v e n  by 

m m 

E(ab)  = E V ( t - u , w ) - b x  g(x)rq(t-x,u)] ['g(t+T-v,W)- J rdx g(x)Cp(t+T-x,w) 
(c 0 0 

m 

= E [v ( t - u ,  w)cp (t+T-v ,w) ] - b x  g (x) {E [cp (t+T-v ,w)cp( t -x  ,w) ] 
0 

= R ( r + u - v ) - b x  g(x) [R (T+x-v)+R(T+u-x]+ b x J d y  r g(x)g(y)Rv(T+x-y) 
0.  0 

'3 cp 
0 

( C -  22) 

where t h e  d e f i n i t i o n  o f  R g i v e n  by Eq. (11) i s  used i n  t h e  l a s t  s t e p .  

From Eq. ( l o ) ,  t h e  f i r s t  term i n  E q .  (C-22) i s  simply 

(C-23) 
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and t h e  second term, n o t i n g  E q .  (2)  f o r  G ,  i s  

m m 

1 T~ = b x  g(x)  Jdp w (p)[e i2np  (T+x-V) + e  i2np  (T+u-X) 
tp 

- Q )  0 

m 

G(P) 1 ( C -  24) 
i 2 n p ~  [e- i2npv i2lTpu G(-P) + e 

- m  J 

The t h i r d  tern f o l l o w s  s i m i l a r l y  a s  

S u b s t i t u t i n g  t h e s e  i n t o  Eq. (C-22) then  y i e l d s  

-cn 

F i n a l l y ,  s u b s t i t u t i n g  back i n t o  E q .  (C-21) i n  t h e  cube g i v e s  

(C-25)  

(C-26) 
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W 

X { b v  W CP (v) ei2nv'[G(v)-e-i2nvv]~G(-v)-ei2nvu])(p~~} 
- w  

m w m  

v 
(C-  27)  

The i n t e g r a l s  on u and v are r e a d i l y  de t e rmined  by expanding t h e  

i n t e g r a n d s  and a p p l y i n g  Eq. ( 2 )  t o  each term.  C o l l e c t i n g  terms 

i n v o l v i n g  v y i e l d s  

The c o r r e s p o n d i n g  r e s u l t  i n  u i s  s imi l a r  b u t  w i t h  n e g a t i v e  arguments .  

These q u a n t i t i e s  are complex c o n j u g a t e s  ( c . f .  Eq. ( 3 ) ) ,  so t h e i r  

p r o d u c t  e q u a l s  t h e  s q u a r e  of  t h e i r  magnitude and Eq. (C-27) becomes 
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c o m m  

-m - w  -03 

Applying the  F o u r i e r  t r a n s f o r m  t o  t h e  e x p o n e n t i a l  t hen  y i e l d s  a d e l t a  

f u n c t i o n  6 (f-v-p-a) t he reby  p e r m i t t i n g  a s imple  i n t e g r a t i o n  on v. 

F i n a l l y ,  t h e r e f o r e  

X I2G ( f -  p-0) G (p) G(o) - G ( f -  p-0)  G( p-) (C- 30) 

2 - G(p)G(f-p) - G(o)G(f-a) + G ( f )  1 

which i s  t h e  t h i r d  o f  Eqs .  (14).  
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